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1. Introduction

Abstract
This work presents a detailed Lie symmetry investigation and dewvelops

conservation laws for three multidimensional KdV-type nonlinear evolution
equations in (1+1), (1+2), and (1+3) dimensions. Using the multiplier
approach together with the doublereduction method, several new invariant
solutions and associated conserved vectors are obtained without relying on any
Lagrangian formulation. The resulting symmetries are systematically linked
with their corresponding conservation laws, illustrating how invariant
transformations relate to physical conservation principles. The proposed
reduction strategy yields implicit and explicit exact solutions that generalize
known onedimensional mKdV models to higherdimensional nonlinear
systems. The proposed unified framework provides a systematic approach for
analyzing multidimensional KdV-type equations and yields new invariant
solutions that enrich the existing analytical results for nonlinear evolution
equations.

Lie symmetry analysis has become one of the

Partial differential equations (PDEs) play a
fundamental role in describing a wide variety of
physical phenomena, including fluid dynamics,
plasma physics, nonlinear optics, and wave
propagation.  Obtaining  exact analytical
solutions of nonlinear PDEs remains one of the
central challenges in applied mathematics, since
such solutions provide valuable insight into the
qualitative ~ behaviour ~ and  underlying
mathematical structure of complex systems.
Among the available analytical techniques,
symmetry-based methods have become powerful
tools for reducing nonlinear models,
constructing exact solutions, and revealing
important structural properties of differential
equations. [3, 7]

most widely used analytical techniques for
investigating nonlinear evolution equations. By
exploiting  the properties  of
differential equations, this method enables the
systematic construction of similarity reductions,
invariant solutions and symmetry classifications.
Owing to its effectiveness, Lie symmetry analysis
has been successfully applied to numerous
nonlinear models, particularly KdV-type
equations, where it has provided valuable insight
into the mathematical structure and exact
behaviour of nonlinear wave phenomena. [4, 6]
Conservation laws constitute one of the
fundamental analytical tools for investigating
nonlinear partial differential equations, as they
provide important information about the
physical behaviour, stability and integrability of

invariance
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mathematical models. In addition to their
theoretical significance, conserved quantities are
widely used to verify analytical and numerical
solutions. Several systematic approaches have
been developed for constructing conservation
laws, among which the direct multiplier method
has gained considerable attention because it can
be applied even when a variational formulation
is unavailable. This flexibility makes the
multiplier approach particularly suitable for a
broad class of nonlinear evolution equations. [1,
2,9]

The multiplier method provides an efficient
framework for deriving conserved vectors
directly from governing differential equations
without requiring a Lagrangian structure. When
these conservation laws are associated with Lie
symmetries, the double-reduction theory offers a
systematic procedure for reducing nonlinear
partial differential equations and constructing
exact invariant solutions. The combination of
these techniques has proved to be an effective
analytical strategy for studying nonlinear
evolution equations of increasing complexity. [5]
Recent investigations have continued to explore
the analytical structure of KdV- and KP-type
nonlinear  evolution  equations  through
symmetry methods, conservation laws, and
exact-solution techniques. Wazwaz et al. [8]
studied extensions of KAV and modified KdV
equations, while Zhao et al.[10] investigated Lie
symmetries and conservation laws for a (2+1)-
dimensional KP-type model. Related symmetry-
based analyses have also been reported for

generalized and higher-dimensional KdV/KP

equations [11, 12, 13], whereas recent work on
the mKdV equation has further highlighted the
role of symmetry structures in constructing
solutions[14]. These
contributions demonstrate the continuing

nonlinear wave

importance of symmetry-based techniques for
KdV-type equations; however, the models are
generally treated separately and by different
analytical procedures. In the present study, the
nKdV, mKdV-KP, and generalized KdV-like
equations are therefore considered within a
common analytical setting. Lie point symmetries
are  combined  with  multiplier-derived
conservation laws and double reduction to
obtain invariant reductions and exact solutions
across (1+1), (1+2), and (1+3)dimensional
models.

The remainder of this paper is organized as
follows. Section 2 presents the fundamental
mathematical definitions and operators used
throughout the analysis. Sections 3-5 contain
the Lie symmetry analysis, conservation laws,
double-reduction procedure, and exact solutions
for the three multidimensional KdV-type
equations considered in this study. Finally,
Section 6 summarizes the principal findings and
discusses the significance of the obtained results.

2. Fundamental Operators

This section summarizes the key mathematical
definitions and operators employed in the
symmetry and conservation-law analysis. For
completeness, the principal formulations of
infinitesimal generators, conserved vectors, and
Euler-Lagrange operators are presented below.

2.1. Infinitesimal Generator. Consider a general system of partial differential equations
(PDEs) expressed in nth order involving  independent variables

zZ= (21,22,23,...,27")
and t dependent variables
d= (dl,dz, d3,. ..,dt)
whereu=1,2,3,...,t,

F, = (z,d,dy,dy,d3, ...

ydn). (2.1)

Here dy,d,,ds,..., d, denote the nth-order partial derivatives of the dependent variables.

The infinitesimal generator Z, together with its prolongation of order i, is described by

Z0 =740, 4y
X

where the coefficients T take the form

a
i adxl...xi’

(2.2)
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Tai = Dx(ns) - dlsDx(S;l)v
T;ruxi = Dxi(rbsfl---xi—l) - d’ix1---xi—1Dxi(€k)'

2.2. Conserved Vector. A conserved vector is represented as a j-tuple ¥ = (Yl, Y2, Y3,
fulfills the condition

D, Y"=0, n=123,...,j
for all admissible solutions of Eq.(2.1).

2.3. Euler-Lagrange Operator. For each component «, the operator

1) d
Ey =5 ===+ Yz (=1)° Dy,... Dy T8 a=12,...,t

_9
Su Xiga% .’

X1Xj

is referred to as the Euler-Lagrange operator, or simply the Euler operator.

2.4. Multiplier Function. Let A* be a multiplier of the form
A¥(z,d,dq,dy, ds, ..., dy)

associated with the conserved vectors of the system (2.1).

It satisfies the relation

A(F)) = DpYy,.

...,Y(j)), which

(2.3)

(2.4)

(2.5)

2.5. Associated Symmetry and Conservation Law. Assume that a generalized symmetry operator Z

corresponds to a conserved quantity ¥ of Eq. (2.1)

If Z and Y satisfy
Z(YY) —Y/D;(§) +Y'D;(¢V) =0, (2.6)
then Z is said to be related to Y.
The conservation laws obeys the divergence condition
D,Y" + DS =0,
where Y and Y* in terms of variables ({1, x;) can be written as
r_ Yt11_)t1(r)+yx11_)x1(r) 2.7)
De, ()Dy, (5)—Dr, (5) Dy (1)’ '
Yi1p, (s)4+Y*1D, (s)
s — t X1
= Dt (r)Dy, ($)=D¢, ($)Dy, (1)’ 28
2.6. Theorem 1. Let Y! denote the conservation laws satisfying D;Y! = 0.
The mathematical formulation can be expressed as
y! y? y? vt
y? Y? y? Y2
C|=Imeeht L gL | =M , (2.9)
AT
where the matrices M, M~ and the term J are derived from
M= . : S LMt = ,(2.10)

\Dntl Dyt, . . . Dntn/ \Dntl Dpt, . . . Dntn,/

and | = det(M).
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Figure 1. Overall Methodology Framework

3. Lie Symmetries, Conservation Laws and Exact Solutions of NKdV Equation

This section introduces the Lie symmetry analysis, associated conservation laws, and exact analytical
solutions of the negative-order Korteweg-de Vries (nKdV) equation using the double-reduction
framework. The governing equation is expressed as

Ugrxt +4U, Uy + 2U,, U + Uy, = 0. (3.1)
To determine the Lie symmetries of Eq.(3.1), consider the infinitesimal
generator
Z =8t x) L+ £2(t,x) = + n 2. (3.2)
at 0x au

The symmetry conditions are derived by applying the fourth-order prolongation Z!*! to Eq.(3.1) and by
imposing

ZM[Uypee + 4U Uy + 2Un Uy + Uyl 1a1)= 0, (3.3)
yields to an over-determined system for the unknown coefficients &%, 2 and 1.
Solving this system gives the following conditions:

5& =0, 59% =0, fa%x =0, f&x =0,
€t2 =0, fﬁ =0, ‘fﬁt =0, EJ% =0, Ny =0, Nuuue =0, (3.4)
Ne =0, Mex =0, ny =0, e =0, Ny =0, 2n— 'ftl =0.

The corresponding Lie-point symmetry generators are
a

d
“ o T (3.5)
Zy ==-22, 7, =Us+to—xo '
3. Tou “or 44 ot Xox

3.1. Conservation Laws. To construct the conservation laws associated with Eq.(3.1), the multiplier
method is adopted. Let A = A(t, x) denote an undetermined multiplier function. Its governing condition
is established through the relation

)
su [A(Uxxxt + 4Uy Uy + 2Ux Up + Uxx)] =0, (3.6)

8 . . . . .
where o, denotes the standard Euler operator. By expanding the expression and isolating terms according

to the different derivatives of u, the following system of equations is produced:
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Avux= 0, Ac= 0, Ax =0, Au = 0, Avex = 0. (3.7
The resulting system admits the general solution
A=AU,+ A, (3.8)
where Ay, A, represents arbitrary constants. Substituting Eq.(3.8) into the divergence expression gives
A(Uyns + AU Uss + 2U Uy + Uyy) = DYt + DY, (3.9)

for the dependent variable U (¢, x).

3.2. Conserved Vectors. From Eq.(3.9) two conserved vectors are obtained
and summarized in

Table 1.
TABLE 1. Conserved vectors for Eq.(3.1)
Multipliers Conserved vector
4U3 2UU,U Uy, U
Yt — X X¥YXx XXX ™ X
1 3t , 3 T3 ,
20U0,.U 2ULU. U, U U U..U
A — U X — xYitx x Yt _ tx“Yxx _X txx“x
1 x Yy 3 + 3 5 + > + —2
YE=2U2 + UUyy + Uypry
Ay =1 Y¥ =—-UUpy + U, Up + Uy

3.3. Reductions and New Exact Solutions. Let ¥; = (Y{,Y5) and Y, = (¥4, V"), To verify the

association between symmetries and the conserved quantities, the relation
Yo\ (D&l DiEh /vt 14
4 (Y"> —| De&®  Dyé? (Y’C) + (DSt + Dyd?) (Y") =0, (3.10)
is employed.

The associated symmetries Z; and Z, are used for reduction and for constructing exact solutions.

3.3.1. Reduction in Y,.Consider the linear combination of symmetries

Z=2+al (3.11)
The canonical variables corresponding to Z are obtained from
r=—at+x, s=t, V(r)=U(tx), (3.12)
Using Eq.(2.7) with these transformations yields
Y] = aYf — Y}~ (3.13)
Substituting the components Y{f and Y{* from from Table 1 gives
Y= aVP + aiVilhy + aly, Vr + ashVr? — a2 - 32, (3.14)
The reduced conservation form D,.Y{” = 0 implies Y = C;, leading to
AV + AVl + @V Vr + a2V Vr? — as V2 =2V = G, (3.15)
Solving Eq.(3.15) using Maple yields the following implicit and explicit solutions:
V(r)=+V=2kr+B, V(@) =B+ #E (3.16)

Re-expressing the results in the original variables gives
U(t,x) = +V-2k(—at+x)+B, U(t,x) =B+

(—at+x)

N (3.17)
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These represent the required exact solutions of the nKdV equation.

Exact Solution: U(t, x) =V —2k(—at+x) + B

Figure 2. 3D visualization of invariant solution of nKdV equation

o —at+x
U(t,x)=8 T

Figure 3. 3D visualization of invariant solution of nKdV equation

3.3.2. Reduction in Y,. Similarly, using the conserved vector Y, and the combination of
symmetries;

7] 3]
Z=E+(la, (318)
the corresponding canonical variables are introduced as
r=—at+x, s=t, V(r)=U(,x), (3.19)
Using Eq.(2.7) with these transformations yields
YT = a¥f — g, (3.20)
Substituting the components Y{f and Y from from Table 1 leads to
Y =3al? + aVy =V, (3.21)
The reduced conservation form D,.Y; = 0 gives Y; = C5, or
3aV?2 + aVypr — Vi = C,. (3.22)

Integration in Maple produces
V(r)=—kr+D, V()=D+. (3.23)

Expressed in the original variables, the corresponding solutions are
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U(t,x) = kat —kx + D, U(t,x)=D + %), (3.24)

3a
These are additional invariant solutions of the nKdV equation obtained through the double-reduction

method.

Ult, x) = kat —kx + D Ult, x) =D +2%*x

xNN

Figure 4. 3D visualization of invariant solutions of nKdV equation

These solutions demonstrate that the proposed symmetry reduction successfully preserves the nonlinear
structure of the original equation while reducing its dimensional complexity. Such invariant solutions
may provide useful analytical benchmarks for future numerical investigations.

4. Lie Symmetries, Conservation Laws and Exact Solutions of MKdV-KP Equation
This section investigates the Lie-symmetry structure, conservation laws, and invariant solutions of the
modified Korteweg-de Vries Kadomtsev-Petviashvili (mKdV-KP) equation. The governing nonlinear
evolution equation is expressed as

Uxe + aUxy + bU?Uy + cUyypx + dU,,y, = 0. (4.1)
where a, b, ¢ and d are physical parameters representing dispersion and nonlinearity.
4.1. Lie Symmetry Analysis. To identify the infinitesimal symmetries, the generator is taken in the form

a a a a
Z = 51(t,x,y)a + 52(t:x'3’)£ + 53(t'x;Y)@ + T]E (42)
By applying the fourth prolongation Z! to Eq.(4.1) and imposing the condition
ZW Uy + aUyy + BU?Uy + cUypy + AUy | 135)= 0, (4.3)

produces an over-determined system for the coefficients &1, €2 and 7. Solving this system yields the
following conditions:

§5=0, &=0, §§=0, §=0, =0,

§=0, &Gu=0, Gy=0, &y =0, & =0,

Ex =0, myy =0, Ny =0, & -3 =0

6cE2, — 4cn,y = 0, Zd{f’f; —4d&2 =0, 2df32, +&2=0,

(4.4)
d€33/y - 2dTIyU =0, d%l/y —Nxy = 0, Myt + ANyx + bUznx
T CMyexxx + drlyy =0, ‘ftz - Zaf,% + 4C§£xx — 6CTyxy =0,
gft + ag)%x + df}%y + Cg)%xxx —New — 2Ny — 4CMNyxxy — 2bUn — 3bU2‘EJ% = 0.
The corresponding Lie-point symmetry generators are
2o g 0
17 e 727 ox’
a d d
Z3—a, Z4—ya—2dt@, 4.5)
3U 0 d a d
Z5 = —7%4' 3ta+ (x + Zat)a-l' Zya
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These generators describe temporal translation, spatial translations in x and y Galilean-type
transformations, and scaling symmetries, respectively.

4.2. Conservation Laws via the Multiplier Method. To construct the conservation laws, the multiplier
function A = A(t, x, y) is introduced. The determining equation is obtained from

S [A(Use + aUsy + bU?Uy + U + dUy,y )] = 0, (4.6)

[
here 5 i the standard Euler operator.

Separation with respect to the independent derivatives of u gives

A, =0,A=0,A;=0, Ay, =0, 4.7
The general solution of this system takes the form
A=y +1 (4.8)
Substituting Eq.(4.8) into the divergence expression yields
AUyt + aUyy + bUUy + cUyypy + dUyy, ) = DY  + D, Y* + D, Y7, (4.9)

for all admissible functions U(t, x, ).
4.3. Conserved Vectors. Two independent conserved vectors are obtained and summarized below.

TABLE 2. Conserved vectors for Eq.(4.1)

Multipliers Conserved vector
Yf = Uy
A=y Yy = %(U3b + 3U,a + 3UyxxC), Y =-Ud+Uyyd
th = Uy
3
AZ =1 YZX = UTb + Uxa + Uxxxc' Yzy = Uyd

4.4. Reduction and Invariant Solutions. To establish the correspondence between the symmetries and
the conservation laws, the relation

vt D&t D&t Dy51\ vt vt

yx Di§? Dy§* Dy&* || v* 1 2 3\ [ V*
Z - y + (D& + D&% + D, E3) =0, (4.10)
Yy \th3 Dxfg Dyf?,/ Yy )4
Only the associated symmetries listed below are employed to obtain the exact solutions of the considered

PDE.

4.4.1. Reduction in Y,.The combined symmetries used for reduction are Zy, Z;, Z3
7] (7]

[3]
Z:a+aax+ 5 (411)
The corresponding canonical variables are defined as
r=y—Bt, s=x—at, m=t, V(r,s)=U(,x,y). (4.12)
Substituting these transformations and using Eq.(2.7) provides the reduced conserved form
D,Y] + DY = 0. (4.13)
with
Y, =—BVs + 114,
(4.14)

s V3b
YZ = —al; +T + al; + cVgs,
Applying the double-reduction analysis decreases both the order and the dimensionality of the PDE.
Introducing an additional symmetry combination
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[3] a
Z=$+]/$, (415)

and the canonical coordinates are
n=r, qg=s—yr, W(q) =V(r,s). (4.16)
transforms Eq.(4.13) into

DY, =0, (4.17)
where
Vi = ~y2Wyd — ypW, — L2 — aW, — cWyqq + aW, (4.18)
Integrating yields
—y2W,d — yBW, —WT%—an — Wyqq +aW, = H. (4.19)

where H is a constant of integration.
Equation (4.19) is solved using Maple, leading to the following implicit form:

W(q) = %[—E\/Ecos(qbq) + FVcsin(¢q) — kq + G|, (4.20)
where ¢ =—Wandﬁ =Jr2d+yB+a-—a.

Reverting to the original variables gives the invariant solution
U(t,x,y) = %[—E\/Ecosrp(x —at—yy +ypt) +
Fcsing(x — at —yy + yBt) — k(x — at —yy + yfBt) + G],

These solutions demonstrate the effectiveness of the double-reduction technique in constructing new

analytical forms of multidimensional nonlinear evolution equations.
U(t, x,y) = 3| ~EVTcos(@W) + FVTsin(¢W) — kW + G|

(4.21)

~W=x—at—yy+ypt

Figure 5. 3D visualization of invariant solution of MkdV-KP equation

These solutions demonstrate that the proposed symmetry reduction successfully preserves the nonlinear
structure of the original equation while reducing its dimensional complexity. Such invariant solutions
may provide useful analytical benchmarks for future numerical investigations.

5. Lie Symmetries, Conservation Laws and Exact Solutions of Generalized KdV Like Model Equation
This section outlines the Lie-symmetry structure, the associated conservation laws, and the invariant
solutions corresponding to a generalized Korteweg-de Vriestype model equation. The governing
multidimensional nonlinear evolution equation is

Ur + aUUy + aUyyy + b(RUU,, + Uy ) + cgUU, + Ugyy = 0. (5.1)
5.1. Lie Symmetry Analysis. To determine the infinitesimal symmetries of Eq.(5.1), consider the

generator
=19 1 g29 4 30 L a0 0
Z_€6t+f 6x+f ay+f az+nau' (5.2)
Applying the third prolongation Z13! to Eq.(5.1) and requiring invariance under Z yields
ZBIU, + aUUy + aUsyy + b(RUU,, + Uyyy) + cgUU, + Uprr] Is6)= 0, (5.3)
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which produces an over-determined system for the unknown functions &3, &,, &3, &4, 1
After simplification, the system of determining equations is obtained as

=0, & =0, &, =0, &y =0 &=0,

§2=0, &=0, &=0, §=0, & =0,

$xx =0, E.;CI-U =0, ‘53 =0, Mnyu=0, Ny =0,

caé; +ba&; =0, baéZ, —2abny =0, &2, —2can,y =0,
—b%¢&} + ca&? + ba&y — baéi — cbéZ =0,

—c?§Z + baéy + caé; — caéf — bc&s =0,

—3a’n,y + 3a%8Z, — cangy — banyy + 2ba&ly + 2caéZ, =0,

5.4
cgUan, + 6a*Uny + bany,, + canzy, + ane + a*ny, + bhUan, = 0, G4
bhUa&; + cgUaé; — b&) — céZ + aéf — 3aéZ =0,
aé? — b2hU&Z — bhan — bany,y — cbhUEZ + abhU&S + acgU&; — 3bhUaé? = 0,
aéf — c2gU&z — cgan — 3cgaU&Z — bcgU&s + bhUaéy + acgUéy — canyy = 0,
—3a% Ny — 6a°N + a?EZyy + aéf — 6abUSS — 6cUasz — 2cany + baésy, + catl,
—2banyyy — 12a%Ué&2 + thafy +cgUaé; =
Solving Eq.(5.4) produces the following Lle -point symmetry generators:
lea, 22:%, Z3—baay+c_
Zy = (2Uchg — 2Uchh) = + (2tcbh — 2ctbg)
+(6zba + gcya + xchb — zbah — 6¢cya — xgcbh) i, (5.5)

Zs ——+6at—+bht—+tgcaaz

These operators correspond to temporal and spatial translations, scaling, and Galilean-type
transformations, reflecting the multidimensional and coupled structure of Eq.(5.1).

5.2. Conservation Laws via the Multiplier Method. Let the multiplier function be A = A(t, x,y, z). The
determining equation for A follows from

Z[A(U; + QUU, + QU + b(RUUy + Uy) + cgUU, + Upr)] = 0, (5.6)

Upon expanding the determining equation and isolating terms according to the independent derivatives
of u the resulting system becomes

Ayyy = m( 12964,a3U — 216a*A,bhU — 216a*A; + 3bc?A,, , ,g*h
—216a*A,cgU — 124,,,, ,cgb*h + 34,,,, ,cgb*h? — 12bc?A,, , ,gh — 6¢3g* A, ,,
—6b%cAy,, ,h* — 6bc?A, ,,9% + c3g34,,,),

xx = 5oz (c2 9% Ay +2cgAy ;bR + b2h2Ay,), Ay == (A, ,cg + Ayybh), 6D
Ayy = a —Ay,cg — Ay ,bh), A, = a(—bh/lt,y - cht,Z), Ayx =0,
Ayy=0, Ay, =0, Ayy=0, Aygz=0, Ayr=—6A.a—A,cg—A,bh.
The resulting expression for the multiplier is obtained as
A="2200, (5.8)
Substituting Eq.(5.8) into the divergence relation gives
AUt + aUU, + aUyyy + b(hUUy, + Uyyyy) 5.9)

+cgUU, + Upyy) = DeYE + D, Y* +D,YY + D, Y7,
for all admissible functions U(t, x,y, z).
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5.3. Conserved Vectors. The associated conserved vectors derived from Eq.(5.9) are summarized below.
TABLE 3. Conserved vectors For Eq.(5.1)

Multipliers Conserved vectors
Ve - U(6Uta — x)
1 6a
6Uta — x X 1 3. o ) 2112
1 =T Y= a(lZU ta® + 6ta“UUy, — 3ta”“Ux — 3UythaU, — 3tcal, Uy
+3UyytUba + 3Uy,tUca + aUy — Uy,xc + Uyc + Uyb — Uyyxb — L
Ub
vy = T34 (4U%tha — Uxh + 6taU,,.)
Z Uc 2
YE = m(w tga — Uxg + 6tal,,)
UZ
th = 7
Uza UybU, UycU, UyUb Uyl
A, =U X — 2773 _ x> TyT x  Fz-EX xy Xz
2 Y5¢ =2U0a+ aUU,, > > > + > + 2
y _ U3bh N UbU,,
2 = 33 2
U°cg UU,,c
YZ =
2 3 T2

5.4. Reduction and Exact Solutions. To establish the relationship between the symmetry structure and
the associated conservation laws, the following identity is employed

Yi: thl Dxfl Dyfl ngl yt ;
yx D&% D&% Dy D& || yx ﬁx
— 3 3 3 3
Z r D Dx&® Dy$® Di¢ ){Z + (D& + D&% + D3 + DY) [ yy | =0, (5.10)
Y D&% D&% Dy&* D&t y?

Only the following associated symmetries are used for the exact solutions of considered PDE

5.4.1. Reduction in Y,. To derive invariant solutions, consider a combination of the symmetries

Z=a%+ﬁ%+b%+c% (5.11)
The canonical variables corresponding to Z are obtained as
r= #, s = _Ct;m, m= _Bi%, n= i, V(r,s,m) =U(t,x,y,z). (5.12)
Substitution into Eq.(5.9) and use of Eq.(2.9) yields the reduced conservation form
D Y¥ =0, (5.13)

with the corresponding reduced equation

—({ob—p —ob— c)Y? + ({obh + 6a — obh + cg)Y? + "7”(1 —IDYY,
(5.14)
+(ag? = %) V¥ +3 (200 + 0b? + ¢ — ag?a? — ay? — b(y)VE = K.

where K denotes an arbitrary constant of integration.

5.5. Analytical Solution.
Solving Eq.(5.14) using Maple provides the implicit analytical form
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Y(k) = — 2[3+4a2 ﬁtan(\/ﬁ( k+L))]

(5.15)

Expressing the result in the or1g1nal var1ables yields the corresponding invariant solution

Ut,x,y,z) = e [[)’ +— 4a2a2 > ftan (W( Y+ L)) ]

where P = ([

a

o(ya— bt)+(ax ﬁt)] y[a(y+z) t(b+c)

]

(5.16)

This solution defines a new class of invariant waveforms for the generalized KdV-like model equation,
describing the propagation of nonlinear dispersive waves in multidimensional media.

Ul x,y,2) =2 |B+ e

_tan? (yaaB(~y+1))

Figure 6. 3D visualization of invariant solution of generalized KdV like model equation

These solutions demonstrate that the proposed
symmetry reduction successfully preserves the
nonlinear structure of the original equation
while reducing its dimensional complexity. Such
invariant solutions may provide useful analytical
benchmarks for future numerical investigations.

6. Conclusion

This study presented a unified symmetry-based
framework for the analytical investigation of
three multidimensional KdV-type nonlinear
evolution equations in (1+1), (1+2), and (1+3)
dimensions. Lie point
systematically determined for each model, while
the direct multiplier method was employed to
derive the corresponding conservation laws
without requiring a variational formulation. By
integrating these results with the double-
reduction approach, several invariant reductions
together with implicit and explicit
solutions were successfully obtained.
The proposed framework provides a consistent
analytical procedure for studying

symmetries were

exact

multidimensional nonlinear evolution

equations through the combined application of

symmetry analysis, conservation laws, and
double reduction. The obtained results
demonstrate  the  effectiveness of  this

methodology in reducing the complexity of
nonlinear models while preserving their
fundamental mathematical structure. To the
best of the author’s knowledge, the unified
treatment presented in this work has received
limited attention in the existing literature and
offers a wuseful basis for the analytical
investigation of related KdV-type equations.

The methodology developed in this study may be
extended to other classes of nonlinear evolution
equations,  including  higher-dimensional,
coupled, and fractional-order models, providing
further opportunities for the construction of
exact analytical solutions and conservation laws
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  Z =  ∂  ∂ r + 𝛾  ∂  ∂ s ,


  n = r ,       q = s − 𝛾 r ,       W  ( q ) = V  ( r , s ) .


    D  q   Y 2  q = 0 ,


    Y 2  q = −   𝛾 2   W  q d − 𝛾 𝛽   W  q −     W 3 b 3 − a   W  q − c   W  q q q + 𝛼   W  q ,


  −   𝛾 2   W  q d − 𝛾 𝛽   W  q −     W 3 b 3 − a   W  q − c   W  q q q + 𝛼   W  q = H .


  H


  W  ( q ) =  1  𝜗  [ − E  c c o s  ( 𝜙 q ) + F  c s i n  ( 𝜙 q ) − k q + G ] ,


  𝜙 =      𝛾 2 d + 𝛾 𝛽 + a − 𝛼   c


  𝜗 =    𝛾 2 d + 𝛾 𝛽 + a − 𝛼


        U  ( t , x , y ) =  1  𝜗 [ − E  c c o s 𝜙  ( x − 𝛼 t − 𝛾 y + 𝛾 𝛽 t ) +   F  c s i n 𝜙  ( x − 𝛼 t − 𝛾 y + 𝛾 𝛽 t ) − k  ( x − 𝛼 t − 𝛾 y + 𝛾 𝛽 t ) + G ] ,


    U  t + a U   U  x + a   U  x x x + b  ( h U   U  y +   U  y x x ) + c g U   U  z +   U  z x x = 0 .


  Z =   𝜉 1  ∂  ∂ t +   𝜉 2  ∂  ∂ x +   𝜉 3  ∂  ∂ y +   𝜉 4  ∂  ∂ z + 𝜂  ∂  ∂ U .


    Z   [ 3 ]


  Z


    Z   [ 3 ]  [   U  t + a U   U  x + a   U  x x x + b  ( h U   U  y +   U  y x x ) + c g U   U  z +   U  z x x ]  ∣   ( 56 ) = 0 ,


    𝜉 1


    𝜉 2


    𝜉 3


    𝜉 4


  𝜂


          𝜉  U 1 = 0 ,     𝜉  x 1 = 0 ,     𝜉  x x 1 = 0 ,     𝜉  x U 1 = 0 ,     𝜉  U 2 = 0 ,       𝜉  x 3 = 0 ,     𝜉  x x 3 = 0 ,     𝜉  x U 3 = 0 ,     𝜉  U 3 = 0 ,     𝜉  x 4 = 0 ,       𝜉  x x 4 = 0 ,     𝜉  x U 4 = 0 ,     𝜉  U 4 = 0 ,     𝜂  U U = 0 ,     𝜂  x U U = 0 ,     c a   𝜉  z 1 + b a   𝜉  y 1 = 0 ,   b a   𝜉  x x 2 − 2 a b   𝜂  x U = 0 ,   c   𝜉  x x 2 − 2 c a   𝜂  x U = 0 ,   −   b 2   𝜉  y 2 + c a   𝜉  z 3 + b a   𝜉  y 3 − b a   𝜉  x 2 − c b   𝜉  z 2 = 0 ,   −   c 2   𝜉  z 2 + b a   𝜉  y 4 + c a   𝜉  z 4 − c a   𝜉  x 2 − b c   𝜉  y 2 = 0 ,   − 3   a 2   𝜂  x U + 3   a 2   𝜉  x x 2 − c a   𝜂  z U − b a   𝜂  y U + 2 b a   𝜉  y x 2 + 2 c a   𝜉  z x 2 = 0 ,   c g U a   𝜂  z + 6   a 2 U   𝜂  x + b a   𝜂  y x x + c a   𝜂  z x x + a   𝜂  t +   a 2   𝜂  x x + b h U a   𝜂  y = 0 ,   b h U a   𝜉  y 1 + c g U a   𝜉  z 1 − b   𝜉  y 2 − c   𝜉  z 2 + a   𝜉  t 1 − 3 a   𝜉  x 2 = 0 ,   a   𝜉  t 3 −   b 2 h U   𝜉  y 2 − b h a 𝜂 − b a   𝜂  x x U − c b h U   𝜉  z 2 + a b h U   𝜉  y 3 + a c g U   𝜉  z 3 − 3 b h U a   𝜉  x 2 = 0 ,   a   𝜉  t 4 −   c 2 g U   𝜉  z 2 − c g a 𝜂 − 3 c g a U   𝜉  x 2 − b c g U   𝜉  y 2 + b h U a   𝜉  y 4 + a c g U   𝜉  z 4 − c a   𝜂  x x U = 0 ,   − 3   a 2   𝜂  x x U − 6   a 2 𝜂 +   a 2   𝜉  x x x 2 + a   𝜉  t 2 − 6 a b U   𝜉  y 2 − 6 c U a   𝜉  z 2 − 2 c a   𝜂  z x U + b a   𝜉  y x x 2 + c a   𝜉  z x x 2   − 2 b a   𝜂  y x U − 12   a 2 U   𝜉  x 2 + b h U a   𝜉  y 2 + c g U a   𝜉  z 2 = 0 .  


          Z 1 =  ∂  ∂ t ,     Z 2 =  ∂  ∂ x ,     Z 3 = b ∂ ∂ y + c  ∂  ∂ z ,       Z 4 =  ( 2 U c b g − 2 U c b h )  ∂  ∂ U +  ( 2 t c b h − 2 c t b g )  ∂  ∂ t   +  ( 6 z b a + g c y a + x c h b − z b a h − 6 c y a − x g c b )  ∂  ∂ x ,       Z 5 =  ∂  ∂ U + 6 a t  ∂  ∂ x + b h t  ∂  ∂ y + t g c ∂ ∂ z .  


  𝛬 = 𝛬  ( t , x , y , z )


  𝛬


   ∂  ∂ u  [ 𝛬  (   U  t + a U   U  x + a   U  x x x + b  ( h U   U  y +   U  y x x ) + c g U   U  z +   U  z x x ) ] = 0 ,


  u


          𝛬  y , y , y =  1  6   b 3  h 2 −   b 3  h 3 ( − 1296   𝛬  x   a 3 U − 216   a 2   𝛬  y b h U − 216   a 2   𝛬  t + 3 b   c 2   𝛬  y , z , z   g 2 h   − 216   a 2   𝛬  z c g U − 12   𝛬  y , y , z c g   b 2 h + 3   𝛬  y , y , z c g   b 2  h 2 − 12 b   c 2   𝛬  y , z , z g h − 6   c 3   g 2   𝛬  z , z , z   − 6   b 2 c   𝛬  y , y , z  h 2 − 6 b   c 2   𝛬  y , z , z   g 2 +   c 3   g 3   𝛬  z , z , z ) ,     𝛬  x , x =  1  36   a 2  (   c 2   g 2   𝛬  z , z + 2 c g   𝛬  y , z b h +   b 2  h 2   𝛬  y , y ) ,     𝛬  x , y =   − 1  6 a  (   𝛬  y , z c g +   𝛬  y , y b h ) ,     𝛬  x , z =  1  6 a  ( −   𝛬  z , z c g −   𝛬  y , z b h ) ,     𝛬  t , x =  1  6 a  ( − b h   𝛬  t , y − c g   𝛬  t , z ) ,     𝛬  U , x = 0 ,     𝛬  U , y = 0 ,     𝛬  U , z = 0 ,     𝛬  U , U = 0 ,     𝛬  U x x z = 0 ,     𝛬  U , t = − 6   𝛬  x a −   𝛬  z c g −   𝛬  y b h .


  𝛬 =   6 U t a − x  6 a + U ,


        𝛬 (   U  t + a U   U  x + a   U  x x x + b  ( h U   U  y +   U  y x x )   + c g U   U  z +   U  z x x ) =   D  t   Y  t +   D  x   Y  x +   D  y   Y  y +   D  z   Y  z ,


  U  ( t , x , y , z )


    Y 1  t =   U  ( 6 U t a − x )  6 a


    𝛬  1         =   6 U t a − x    6 a        


    Y 1  x =  1  6 a ( 12   U 3 t   a 2 + 6 t   a 2 U   U  x x − 3 t   a 2   U  x 2 − 3   U  y t b a   U  x − 3 t c a   U  z   U  x − 3   U 2 x a


  + 3   U  x y t U b a + 3   U  x z t U c a + a   U  x −   U  x z x c +   U  z c +   U  y b −   U  x y x b −   U  x x x a


    Y 1  y =   U b  12 a  ( 4   U 2 t h a − U x h + 6 t a   U  x x )


    Y 1  z =   U c  12 a  ( 4   U 2 t g a − U x g + 6 t a   U  x x )


    Y 2  t =     U 2 2


    𝛬 2 = U


    Y 2  x = 2   U 3 a + a U   U  x x −     U  x 2 a 2 −     U  y b   U  x 2 −     U  z c   U  x 2 +     U  x y U b 2 +     U  x z U c 2


    Y 2  y =     U 3 b h 3 +   U b   U  x x 2


    Y 2  z =     U 3 c g 3 +   U   U  x x c 2


        Z  (      Y    t .     Y  x     Y  y     Y  z   ) −  (      D  t   𝜉 1    D  x   𝜉 1    D  y   𝜉 1    D  z     𝜉 ~ 1     D  t   𝜉 2    D  x   𝜉 2    D  y   𝜉 2    D  z   𝜉 2     D  t   𝜉 3    D  x   𝜉 3    D  y   𝜉 3    D  z   𝜉 3     D  t   𝜉 4    D  x   𝜉 4    D  y   𝜉 4    D  z   𝜉 4      )  (      Y  t     Y  x     Y  y     Y  z   )   +  (   D  t   𝜉 1 +   D  x   𝜉 2 +   D  y   𝜉 3 +   D  z   𝜉 4 )  (      Y    t .     Y  x     Y  y     Y  z   ) = 0 ,


  Z = 𝛼  ∂  ∂ t + 𝛽  ∂  ∂ x + b  ∂  ∂ y + c  ∂  ∂ z .


  Z


  r =   − b t + y 𝛼  𝛼 ,   s =   − c t + z 𝛼  𝛼 ,   m =   − 𝛽 t + x 𝛼  𝛼 ,   n =   t  𝛼 ,   V  ( r , s , m ) = U  ( t , x , y , z ) .


                    D  k   Y 2  k = 0 ,


         1  2 𝛼  ( 𝜁 𝜎 b − 𝛽 − 𝜎 b − c )   Y 2 +  1 3  ( 𝜁 𝜎 b h + 6 𝛼 − 𝜎 b h + c g )   Y 3 +   𝜎 b 2  ( 1 −   𝜁 2 ) Y   Y  k   +  ( a   𝜁 2 −   c 𝜁 2 ) Y   Y  k k +  1 2  ( 2 a 𝜎 𝜁 + 𝜎 b   𝜁 2 + c 𝜁 − a   𝜁 2   𝜎 2 − a   𝛾 2 − b 𝜁 𝛾 )   Y  k 2 = K .


  K


  Y  ( k ) =  1  4   𝛼 2  [ 𝛽 +  1  4   a 2   𝛼 2   𝛾 2 𝛽 tan    (  a 𝛼 𝛽  ( − k + L ) ) 2 ] .


  U  ( t , x , y , z ) =  1  4   𝛼 2  [ 𝛽 +  1  4   a 2   𝛼 2   𝛾 2 𝛽 tan    (  a 𝛼 𝛽  ( − 𝜓 + L ) ) 2 ] .


  𝜓 = − 𝜁  [   − 𝜎  ( y 𝛼 − b t ) +  ( 𝛼 x − 𝛽 t )  𝛼 ] − 𝛾  [   𝛼  ( y + z ) − t  ( b + c )  𝛼 ]

