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Abstract

The inequalities involving convex function have many applications in
optimization and in recent years it has helped in estimating many entropies
and divergences that are used in information theory. In this paper, an
inequality constructed by the two inequalities Jensen inequality and Lah-
Ribaric inequality is considered. The nonnegative difference of the this

inequality are used to construct the nonnegative difference. Two identities
Abel-Gontscharoff and Montgomery identity at a time are used in non-
negative differences to construct new identities. Also these identities are used
to generalized the inequality for higher order convex function. Furthermore
for the sake of application in information theory these generalized results are
used to estimate Csiszer divergence, Shannon entropy, Kullback Leibler
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INTRODUCTION

In literature, there are many divergences that are
used to find the distance between probability
distribution by making an average value, one of
them is Csiszar divergence. The Shannon entropy
is actually a quantity in information theory that
we associate with random variable and it gives an
average level of uncertainty, information, or
possible outcome of a variable. The researchers
working on mathematical inequalities related to
convex function have found it very interesting to
find the limitations and bounds for the different

divergence and Zipf-Mandelbrot laws.

functionals. Their work motivates us to find the
bound for divergence and entropies from
information theory. T. Popoviciu [1] was the first
to introduce the higher order convexity. It has
been observed that some properties are not valid
for higher order convex that are valid for convex
function and this motivates researchers to study
higher-order convexity. A higher-order convex
function can be identified by the result that “if
h™® exists and h is A-convex if and only if AV is
non-negative”.
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There has been significant growth in the study of
classical inequalities like the Holder, Jensen, and
others. These inequalities were initially presented
in discrete and integral forms, after which
numerous generalizations and improvements
have been explained (for example, see [2, 3]).
Recent research has shown that they are
extremely helpful in information theory (for
example, see(4]). Researchers have generalized
different inequalities for higher-order convex
functions using different interpolations like
Popoviciu inequality have been generalized by

using Lidstone polynomial [5], Hermite
interpolating polynomial [6], Fink’s identity [7],
Taylor’s polynomial [8], Abel-Gontscharoff
interpolation [5], and Montgomery identity [9].
In [10] Jensen’s inequality is given as follows. Let
J be an interval in R and h:J - R a convex
function. If z = (z4, ..., Z,) is any n-tuple in J™*
and q = (q4, ..., 45) a non-negative n-tuple such
that Q,=X"1q >0, then the Jensen’s
inequality

1w 1w
h(Q_n; qi Zi) < Q_n; q; h(z), (1)

holds. Inequality (1) has remained of great
interest among researchers for many years due to
its application and its impact on other
inequalities because many of the inequalities in
literature are the consequence of (1). A lot of
refinement of (1) has been constructed. Many
researchers have generalized (1) and its

12": iy < M
Q_n'_1qi () <3 —

— h(m) +

refinement (see[11, 12]). S. I. Butt et al.[14]
found the application in information theory by
using the Jensen-Griiss type inequalities.

The Lah-Ribaric inequality is closely related to
Jensen’s inequality. In [15, 17] Lah-Ribari¢
inequality is given as follows,

Z—m
M-m

h(M), 2)

which holds when h:] = R is a convex function
on],[m M|"C],—co<m<M< +o0, q is as
in (1), z = (24, ..., Zy) is any n-tuple in [m, M]®
and Z = éZinzl gj zi. If h is strictly convex then

(1) is strict unless z; € m, M for all i € {j:q; >
0}.

The inequality (1) has been researched, and
interested readers are able to find numerous
related results in more recent research as well as
in monographs like [11, 12]. It would be
interesting to learn more about how the
previously mentioned imbalance is possibly
further developed. We also deal with the idea of
f-divergences, which evaluates the separation

between two probability distributions. One of the
most significant is the Csiszar f-divergence, of
which specific instances include the Shannon
entropy and the Kullback-Leibler divergence. We
determine the relationships for the above-
mentioned f-divergences. We also examined more
closely the Zipf-Mandelbrot law.

2. PRELIMINARIES

Consider the following lemma (see [16]).
Lemma A. Let h be a convex function on an
interval J. If ,m,n,0 € J such that | < m<n <
0, then the inequality,
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n Zh z mh <O_Zhl Z—lh 3)
T—m (m)+n—m (n)—m ()+m (o),

holds for any z € [m, n].

The result that gives the refinement of the Lah- _Zl 19i Zi.
Ribari¢ inequality (2) from [17].
Theorem A. Suppose a convex function h:] —

Suppose  N; € (1,..,n), i=
1 ,m where Nj(IN; = ¢ for i #j, UjZ;N; =

R, where ] € R be an interval, [m, M] c J,q = {1, ...,n}, 2 _E Ni% >0, fori=1,..,m _
(91, --,qn) be a nonnegative n-tuple, z = and m; = min{z;:j € N;}, M; = max{x;:j € N;},
(21, ..., Zy) is any ntuple in [m, M]® and Z = for i=1,..,m. Then, the following intervals
hold,
n m
=Y k@) <o | D ay | [ hm) + ey
° / qinlz; o —
QOn i=1 ~Cn i=1 \ jEN; M; = m; 4)
—z _
<
< M_mh(m) +M_mh(M),

where if h is a concave function on ], then the inequalities in (4) are reversed.

Consider the following functionals from (4).

0,() = Qli D 4 | [ hm) + = )| - Qanlhm ©)

i=1 \JEN;
(1)
M-z Z—m (6)
= S hm) + 27— mh(M)‘—; JZN [ o) + = ot |
02(h) = 3 hm) + 7 (M) - —Z a5 h(z) @

If the assumption of Theorem A is valid then
0;(h) >0, i=123, (8)
and inequalities symbols in (8) are reversed if h is a concave function.

Let hq, hy, h3: 1 = R be three functions with the same assumption of Theorem A and py, 4t and 3 be any
scalars, then

0; (U hy + thy + Ushs) = p10;(hy) + u,6;(hy) + u36;(hs), i = 1,2,3. )
For n = 2, the Abel-Gontscharoff [18] polynomial is given by
hG) = k(B + G = BOR ) + | " o) dv, (10)
where :
aen={y 0 S a

In [7], the new Green functions are defined as follows.
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— B2 B1<v<gz

GZ(Z’ 'U) - {U - ,82' z<v< ﬁz. (12)
_(z2=PB1, B1sv=z
_(B2—v, Bisv<=z;
Ga(z,v) = {ﬁz -2z, z<v< By (14)
Remark A. Observe that, since
2
dZGk( v) =0, k=1,..4, (15)
therefore by using this function in Theorem A we observe
0;(G(,v))=0,k=1,..4 i=123. (16)

The authors in [7] also use these new Green functions to construct the following three new identities for
twice differentiable functions on [By, B2].

B2
h(2) = h(By) + (By — DN'(By) + f G, (2 V" (v) dv, (17

1

B2
h(z) = h(B2) = (B2 = BN (Bz) + (z = R (B1) + f G3 (z,v)h"(v) dv, (18)

B1

B2
h(z) = h(B1) — (B, — BN (B1) + (B — 2N (B,) + f Gy (z,v)h" (V) dv. (19)

B1

In [18], Montgomery's identity is presented as:
Let m€N, ¢:1 » R be such that ™D js
absolutely continuous, I € R be an open

interval, 81,8, €I, 1 < B,. Then the following
identity holds:

i aslCh 31)"” Y ok (B) (u = )2
. e ﬁljl o +Z k!'(k+2)(B, — Z k!'(k+2)(B2 — B1) (20)
1 B2
oo f Ry (w DM (D) dl,
where
Y B
_AEM D LR B G- DAL g <l
R ) = B2 - 5/11) B> — By N
(# - l) u— BZ

DAL, u<Il<B,.

TG st

3.  GENERALIZATION FOR HIGHER-ORDER (H,) Suppose 2y, ..., Z, € [B1,B2] and qq, ..., qn

CONVEX FUNCTION

In this section, the inequality (4) is generalized
for higher order convex function using two
interpolations at a time.

Consider the following hypothesis:

(H,) Suppose a function @ € C*[By, B5].

are positive real numbers such that q; + -+ +
qn = 1.

In the following result, new identities are
constructed using non-negative differences give in
GHT).

Theorem 3.1. Assume (H;) and (H,), suppose that
0;(i =1,2,3),Gr(k =1,2,3,4) are the same as

https://ijournalar.com

| Anwar et al., 2026 |

Page 4145



INTERNATIONAL JOURNAL OF ADVANCED RESEARCH
International Peer-Reviewed Research Journal

ISSN (Online): 3106-7980 | ISSN (Print): 3106-7972

Volume 3 ¢ Issue 5 » September 2026

defined in (5) — (7) and (11) — (14) respectively, then

1
k' (k+2)(B; — ﬁ1

wm)¢wo 1 @ [
A . 9 (Gk(.,v))alv+(/1 3)'f ) f 0; (G (., v))

Proof. Using (10), (17), (18), (19) in (5), (6), and (7), and using property (9) of 8; (), we get

B2
91((/)) = f 4 "(v)gi((;k('!v) dU, i=123. (23)

/)’1

In (20), make the replacement ¢ with (p and Awith A — 2, and ¢ with v, we get
A-4
% (ﬁz) fP "(B1) N z fP(k+3)(ﬂ1 YW — By)k*? _ Z (P(k+3)(ﬁ2)(v — By)f+?

3
0;(p) = )fﬁ 0: (G () [@* P (B (v = B*H2 — 9+ (By)

(22)

n v
v = Kk + 2B, - B CICEDI AT SR
1 B2
+—f Ry_; (0, DpP (D dl,
where
— A2 _
- () +v Bl(v—l)’l_?’, f1 <1l <v;
_ A=2)B2—B1) B2— b1
Ry (17, l) - 1-2
(17 o l) V= ﬂz 1-3
- + (U - l) ) % S l S ﬂz.
A=2)(B2=P1) P2~ B
Using " (v) in (23) and with the use of Fubini’s theorem, the identity (22) will be obtained. o
The generalization of (4) for the A-convex defined in (5) — (7) and (11) — (14) respectively,
function is provided by the next result. further suppose ¢ is A-convex function, if
Theorem 3.2. Assume (H;) and (H,), suppose that
0;(i = 1,2,3) and Gy (k = 1,2,3,4) are the same as
B2
f 0; (G (.,v))Ry—2(v, 1) dv = 0, (25)

1

forallv € [By, B2], then
A-4

B
0; (Gk (-;V))[(P(kﬁ)(ﬁﬂ(v - .31)k+2 - §0(k+3)(ﬂ2)'

1
0;(p) = z f
kK'(k+2 —
( (B2 31) 26)
(p (BZ) - (p (ﬁl) 9 (Gk( ‘l])) d‘l]

B2 —
Proof. Since ¢ is an A-convex function, (p(’D > 0. Theorem 3.3. Assume (H,)) and (H,), let
By Theorem 1.41 given in [1], the function ¢ @:[B1,B2]1 > R be a function, if @ is A-convex
exists and (A — k)-convex forallk € 1,..., 1 — 2. function then the following two results are valid.
On applying Theorem 3.1, we get (26). O (1) If A = 3 is an odd integer, then (26) holds.

(ii) Suppose (206) be satisfied, if
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A-4

1
T(v) S= Z (k+3)( )(U _ )k+2 _ (k+3)( )(U _ )k+2
4 k! (k + 2)(ﬁ2 _Bl) [(p :81 ﬁl 4 ﬁz .82 ] 5
k=0 27
<P 'B2)— @ (.31) >0
Bo=B
then
0;(p) = 0. (28)
Proof. (i) For A = 3 odd integers the function entropies like; Csiszdr divergence, Shannon
Rjy_, is positive. Also from Remark A, entropy, Kullback-Leibler divergence, and Zipf-
Hi(Gk G, v)) > 0, therefore (25) holds. Hence by Mandelbrot law.
using Theorem 3.2, we get (26). Csiszar [19, 20] is defined as follows:
(i) Using the positivity of Qi(Gk(-; 17)) and (27), Suppose P:(0,0) - R is a positive function.

Let r:=(ry,..,7) and s:=(51,..,5,) be
positive probability distributions. The Csiszar f-
4. INFORMATION THEORY divergence Iy, (1, s) is defined as

In this section, the new generalized results are

used to estimate different divergences and

we get (28). O

n
r.
Ly(r,s) : = Z st (?z) (29)
i=1
L. Horv'ath, et al. [21] generalized the Csiszar divergence as follows.
Suppose P: (0,0) = R be a function. Let r:=(ry,...,1,) be a real n-tuple and s:=(sy,...,S,) be a
positive n-tuple such that

Tj .
—€l,j=1,..,n (30)
Sj
Then let
n
5 Yi
Ly (r,s) :=ZS]~I/)<;>. 31
j=1 J

Theorem 4.1. Assume (H,) and (Hy), let ¥ = (1, ..., 1) and 8 = (54, ..., Sp) are n-tuples lies in (0, 00)™, suppose
I is an interval, with

Tk

—€l,k=1..,n

Sk
If ¢: (0,0) = R is an A-convex function, such that ¢ € Cl[ﬁl, B2] (where A = 4 is supposed to be an odd integer),
then fori = 1,2,3,

A-4
Bicis(0) 2 Z ; f 01 (6P B — B — g
SRS k! (k +2)(B; _31) AR 1 1 5
<P(ﬁ;) ¢'(B1) 9 (Gk( v)) v,
where
m M, -
s @ = | D" 4 | [ m) + 2 0| - Zskgo( b, 6

i=1 \ jEN; t
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02,cis ()
= @uS) [M - o)
" M — M—-m (34)
-> (Z ) T 0m) + (M)
i=1 \ jeN; P
and
Os.5(0) = ~(@uS) [ =m0 + 2+ Y s (B). 09

k=1
Proof. Since the functions Gy (., V) are convex for nsk and zx = % in (26) and multiplying by
Sk

— k=15k
k =1,2,3,4, therefore Qi(Gk(.,v)) > 0. Also 0,5, we get (32). 0

Remark 4.2. For i = 3 the inequality (32) gives

note that R;_, is positive for every odd number 4
greater than 2, so (25) holds. Consider qi =

1-4
1 B2
I,(rs) > f 0, (G (., v))[l+® v — BYk+Z _ p(k+3)
L9 (ﬁ ) —¢'(B) Z—m
; D (%5, (640 9) v + Quo) [ pam) + 2= 1
Proof. Since
n
a 1%
L) = ) seo () 67)
Sk
k=1
therefore for i = 3 in the inequality (32) gives we 4.1. Inequalities for Shannon Entropy. For a
have (36). O positive probability distribution r = (1, ..., 1),
the Shannon entropy S [21] is defined as
n
S:i=— Z 1 In(ry). (38)
s=1
Corollary 4.3. Assume (Hl) and (H,). If r = (rl, ey 1), then
1)k+2) k +1 k+2 — p.yk+2
(o SEUTD (ot g,
B, (B1) (B2) (39)

f 8, (G (., v)) dv + (Qn n)[ ln(m) o i ln(M)]

1
BB g,
Proof. Using @ (x) = —In(x) in (36), we get
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DRTE

-4
1 B2
_ . (k+3) — B )k+2 _11(40)
kz T DGR )y, & Gl G = g2 -
1 M-z Z—m
o f 8 (Gi (., v)) dv — (QuSn) [M —In(m) +-— mln(M)].
Since for @ (x) = In(x), the (k + 3) — th derivative is given as
eI (x) = (—1)*+2) —(k * ? : (41)

Use (41) in (40) and multiply by —1 on both sides, we get

- Sk (—1)*+2(k+2)1 (P2 =B (v — By)k+?
‘;S““(E)S Lk + 2B~ B )j 61 (G ))[ B3 (B

(42)

B2 —Z_l Z
- fﬁ 8, (G (., v)) dv + (QnSn) [M —in(m) + -

Taking r = (1, ...,1) and using the properties of In an (42), and after simplification, it become (39). O

__""llln(M):

4.2. Inequalities for Kullback-Leibler the Kullback-Leibler divergence [21] is denoted by
divergence. For two positive  probability D(r,s) and defined by
distributions r = (7, ..., 1) and s = (54, ..., Sp),

(7
D(r,s):=zrjln = ). (43)
e Sj
j=1
Corollary 4.4. Assume (Hl) and (Hy). If r = (14, ..., 1) and s = (54, ..., Sp), then

(- 1)<'<+3><k+1) b (v — )2 (v—/@k”} "

D(s,r) = "y 5 0: (G (1) (ﬁl)k+3 (AEE

(44)

ﬁf 0; (G (., v))dv — (Qn n)[ ln(M)]

Proof. Using ¢(x) = —In(x) in (36), we get
1
Tk ()2~ B g fo 0 (GG )N B -

—In04 (By) (v = B)*21dv + 7= [ 6, (Gi (., v)) dv = (@nSy) 5= In(m) + 2= In(M) .
Using the property of In which is —Inx = In(x)~! = In (—) we get
Tiersin () 2~ S g o, 0 (GG IO B0 = )7

—ln(k+3)(ﬁ2)(v — B,)**2)dv + —fﬁz 0; (Gk( U)) dv — (QnSy) [M

ln(m) + -

45)

Since for @(x) = In(x), the (k + 3)-th derivative properties of In on the larger side of the
is given as %) (x) = (=1)k+2) % Use the inequality (45),
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n (N TS Ba _ p okt _ Bk
ZSkIH(Sk)Z Z (D)3 (k + 2)! 6, (Gx(.,v)) (v — B)" 2 B)* 2]6
k

7 k'(k+2 - k+3 k+3
2, G)Z Lk G - )y, @ G
il
8, (G (., v)) dv — (Q,S )[ 1n(m)+ ln(M)]
*5afs Uy, O (G "M - M -
Hence, we get (44). O
4.3. Inequalities for Zipf-Mandelbrot Law. The and for real numbers r € [0, ),s € (0,00) is
Zipf-Mandelbrot entropy for positive integer n, defined as
I+ 7)
s n(k +r
— n
Z(H,r,s) HE, 2 Gt ) + In(HZ), (47)
where
n
oS "
™S ] v +nr)s
V=
Consider the following function
1
. = ¢(k;n,1,8) = (49)

(k + r)SHyS
Corollary 4.5. Assume (Hl) and Hy). If r = (1, ... rn) and s = (Sq, ..., Sp), then

) (DO + 1) (8 (U—ﬁ1)k+2_(v—ﬁz)k+2] |
S=atms) = kzo per e RACTS ))[ R EER A N R

(50)

B2 4 —z‘1 Z
o fB 8 (G (., v)) dv + (QnSn) [M —in(m) + -
1 HJ

Proof. Note that YR_i7. = 2=1O€+T—)~9Hps=;7£s= 1, therefore use 7, in Shannon entropy give

__Tn ln(M)] .

Mandelbrot entropy that is:
n

S, =— Z rIn(r) = Z(H, 7, 5). 1)

k=1

Thus using 7, in (39), gives (50). O

1
Corollary 4.6. Assume (H,). For 11,7, =0 and s;,5, =0, suppose Hf o = ,’}=1m and Hp o =
1 1

——Ifr=— SR —
2v=1 Gy i (x+r1>smr131 (k+15)52H, o

Z LGt )2y,
L (et Tl)slHl‘l,sl ORIV

At Nk+3) B2 —_ fe+2 —_
+In(H ) = z ( 1) (k +D f 0; (G (., v)) [(” P = Baysy)
- 2

and 5, = then

n
S1 In(k + 17y

D(r,s) =
HY 52 4 (;c + 1)

= _Z(H rz,SZ) +

(B)+3 (B)*

1
/32 - f 01(6u ) o (Qnsn)[

(K+r1)51

ln(m) + ]ZV[ ln(M)]

,in (44) gives (52). O

and s, = ——
71,51 (K+T )52 T2 S2

Proof. Using 1;, =
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5. CONCLUSION

The inequality given by Pelari¢ et al. [17] is
generalized for higher-order convex functions
using two interpolations Abel-Gontscharoff and
Montgomery identities at a time. New identities
are constructed using the non-negative difference
of the inequality given in [17] and Abel-
Gontscharoff and Montgomery identities. The
higher order convexity is discussed for different
cases of the domains. These generalizations are a
new addition to the literature to study higher-
order convexity. The generalized inequality is
used to estimate the entropies of information
theory like; Csiszar divergence, Shannon entropy,
Kullback-Leibler divergence, and Zipf-Mandelbrot
law for higher order convex function. Further we
can also investigate the bounds for the identities
related to the obtained generalized inequality
using inequalities using Cebysev functional and
results relating to the Gruss and Ostrowski type
inequalities can be constructed as given in
Section 3 of [8]. Also we can construct the non-
negative functionals from inequalities (26) and
give related mean value theorems and we can
construct the new families of m-exponentially
convex functions and Cauchy means related to
these functionals as given in Section 4 of [8].
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     −   ∑  k = 1  n    s  k ln  (     s  k    r  k ) ≤    ∑  k = 0  𝜆 − 4       ( − 1 )  k + 2  ( k + 2 ) !  k !  ( k + 2 )  (   𝛽 2 −   𝛽 1 )   ∫    𝛽 1    𝛽 2    𝜃  i  (   G  k  ( . , v ) )  [      ( v −   𝛽 1 )  k + 2     (   𝛽 1 )  k + 3 −      ( v −   𝛽 2 )  k + 2     (   𝛽 2 )  k + 3 ] d v    −  1    𝛽 2   𝛽 1   ∫    𝛽 1    𝛽 2    𝜃  i  (   G  k  ( . , v ) )   d v +  (   Q  n   S  n )  [   M −   z ‾  M − m ln  ( m ) +     z ‾ − m  M − m ln  ( M ) ] .


  r =  ( 1 , … , 1 )


  𝐫 =  (   r 1 , … ,   r  n )


  𝐬 =  (   s 1 , … ,   s  n )


  D  ( r , s )


  D  ( r , s )   : =   ∑  j = 1  n    r  j ln  (     r  j    s  j ) .


  r =  (   r 1 , … ,   r  n )


  s =  (   s 1 , … ,   s  n )


     D  ( s , r ) ≥    ∑  k = 0  𝜆 − 4       ( − 1 )   ( k + 3 )  ( k + 1 )    𝛽 2 −   𝛽 1   ∫    𝛽 1    𝛽 2    𝜃  i  (   G  k  ( . , v ) )  [      ( v −   𝛽 1 )  k + 2     (   𝛽 1 )  k + 3 −      ( v −   𝛽 2 )  k + 2     (   𝛽 2 )  k + 3 ] d v    +  1    𝛽 2   𝛽 1   ∫    𝛽 1    𝛽 2    𝜃  i  (   G  k  ( . , v ) )   d v −  (   Q  n   S  n )  [   M −   z ‾  M − m ln  ( m ) +     z ‾ − m  M − m ln  ( M ) ] .


  𝜑  ( x ) = − ln  ( x )


     −   ∑  k = 1  n    s  k ln  (     r  k    s  k ) ≥  −   ∑  k = 0  𝜆 − 4   1  k !  ( k + 2 )  (   𝛽 2 −   𝛽 1 )   ∫    𝛽 1    𝛽 2    𝜃  i  (   G  k  ( . , v ) ) [  ln   ( k + 3 )  (   𝛽 1 )    ( v −   𝛽 1 )  k + 2    −  ln   ( k + 3 )  (   𝛽 2 )    ( v −   𝛽 2 )  k + 2 ] d v +  1    𝛽 2   𝛽 1   ∫    𝛽 1    𝛽 2    𝜃  i  (   G  k  ( . , v ) )   d v −  (   Q  n   S  n )  [   M −   z ‾  M − m ln  ( m ) +     z ‾ − m  M − m ln  ( M ) ] .


  − ln x = ln    ( x )  − 1 = ln  (  1  x )


       ∑  k = 1  n    s  k ln  (     s  k    r  k ) ≥  −   ∑  k = 0  𝜆 − 4   1  k !  ( k + 2 )  (   𝛽 2 −   𝛽 1 )   ∫    𝛽 1    𝛽 2    𝜃  i  (   G  k  ( . , v ) ) [  ln   ( k + 3 )  (   𝛽 1 )    ( v −   𝛽 1 )  k + 2    −  ln   ( k + 3 )  (   𝛽 2 )    ( v −   𝛽 2 )  k + 2 ] d v +  1    𝛽 2   𝛽 1   ∫    𝛽 1    𝛽 2    𝜃  i  (   G  k  ( . , v ) )   d v −  (   Q  n   S  n )  [   M −   z ‾  M − m ln  ( m ) +     z ‾ − m  M − m ln  ( M ) ] .


  𝜑  ( x ) = ln  ( x )


   ( k + 3 )


    𝜑   ( k + 3 )  ( x ) =    ( − 1 )   ( k + 2 )    ( k + 2 ) !    x  k + 3


       ∑  k = 1  n    s  k ln  (     s  k    r  k ) ≥    ∑  k = 0  𝜆 − 4       ( − 1 )   ( k + 3 )  ( k + 2 ) !  k !  ( k + 2 )  (   𝛽 2 −   𝛽 1 )   ∫    𝛽 1    𝛽 2    𝜃  i  (   G  k  ( . , v ) )  [      ( v −   𝛽 1 )  k + 2     (   𝛽 1 )  k + 3 −      ( v −   𝛽 2 )  k + 2     (   𝛽 2 )  k + 3 ] d v    +  1    𝛽 2   𝛽 1   ∫    𝛽 1    𝛽 2    𝜃  i  (   G  k  ( . , v ) )   d v −  (   Q  n   S  n )  [   M −   z ‾  M − m ln  ( m ) +     z ‾ − m  M − m ln  ( M ) ] .


  n


  r ∈ [ 0 , ∞ ) , s ∈  ( 0 , ∞ )


  Z  ( H , r , s ) =   s    H  r , s  n   ∑  𝜅 = 1  n    ln  ( 𝜅 + r )     ( 𝜅 + r )  s + ln  (   H  r , s  n ) ,


    H  r , s  n =   ∑  𝜐 = 1  n   1     ( 𝜐 + r )  s .


    r  𝜅 = 𝜙  ( 𝜅 ; n , r , s ) =  1     ( 𝜅 + r )  s   H  r , s  n .


  r =  (   r 1 , … ,   r  n )


  s =  (   s 1 , … ,   s  n )


     S = Z  ( H , r , s ) ≤    ∑  k = 0  𝜆 − 4       ( − 1 )   ( k + 2 )  ( k + 1 )    𝛽 2 −   𝛽 1   ∫    𝛽 1    𝛽 2    𝜃  i  (   G  k  ( . , v ) )  [      ( v −   𝛽 1 )  k + 2     (   𝛽 1 )  k + 3 −      ( v −   𝛽 2 )  k + 2     (   𝛽 2 )  k + 3 ] d v    −  1    𝛽 1   𝛽 2   ∫    𝛽 1    𝛽 2    𝜃  i  (   G  k  ( . , v ) )   d v +  (   Q  n   S  n )  [   M −   z ‾  M − m ln  ( m ) +     z ‾ − m  M − m ln  ( M ) ] .


    ∑  𝜅 = 1  n    r  𝜅 =   ∑  𝜅 = 1  n   1     ( 𝜅 + r )  s   H  r , s  n =     H  r , s  n    H  r , s  n = 1


    r  𝜅


    S  r = −   ∑  𝜅 = 1  n    r  𝜅 ln  (   r  𝜅 ) = Z  ( H , r , s ) .


    r  𝜅


    r 1 ,   r 2 ≥ 0


    s 1 ,   s 2 ≥ 0


    H    r 1 ,   s 1  n =   ∑  𝜐 = 1  n   1     ( 𝜐 +   r 1 )    s 1


    H    r 2 ,   s 2  n =   ∑  𝜐 = 1  n   1     ( 𝜐 +   r 2 )    s 2


    r  𝜅 =  1     ( 𝜅 +   r 1 )    s 1   H    r 1 ,   s 1  n


    s  𝜅 =  1     ( 𝜅 +   r 2 )    s 2   H    r 2 ,   s 2  n


     D  ( r , s ) =   [   ∑  𝜅 = 1  n   1     ( 𝜅 +   r 1 )    s 1   H    r 1 ,   s 1  n ln      ( 𝜅 +   r 2 )    s 2   H    r 2 ,   s 2  n     ( 𝜅 +   r 1 )    s 1   H    r 1 ,   s 1  n ] = − Z  ( H ,   r 2 ,   s 2 ) +     s 1    H    r 2 ,   s 2  n   ∑  𝜅 = 1  n    ln  ( 𝜅 +   r 1 )     ( 𝜅 +   r 2 )    s 2    + ln  (   H    r 1 ,   s 1  n ) ≥   ∑  k = 0  𝜆 − 4       ( − 1 )   ( k + 3 )  ( k + 1 )    𝛽 2 −   𝛽 1   ∫    𝛽 1    𝛽 2    𝜃  i  (   G  k  ( . , v ) )  [      ( v −   𝛽 1 )  k + 2     (   𝛽 1 )  k + 3 −      ( v −   𝛽 2 )  k + 2     (   𝛽 2 )  k + 3 ] d v    +  1    𝛽 2   𝛽 1   ∫    𝛽 1    𝛽 2    𝜃  i  (   G  k  ( . , v ) )   d v −  (   Q  n   S  n )  [   M −   z ‾  M − m ln  ( m ) +     z ‾ − m  M − m ln  ( M ) ] .


    r  𝜅 =  1     ( 𝜅 +   r 1 )    s 1   H    r 1 ,   s 1  n


    s  𝜅 =  1     ( 𝜅 +   r 2 )    s 2   H    r 2 ,   s 2  n


  m

